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Abstract
A transition state (TS) is known as a chemical structure with the highest energy along a reaction
pathway between a reactant and a product. TS structures are crucial to the study of many areas in
chemistry such as kinetics, mechanistic analysis, catalyst design, and enzyme functions. They are
vital in determining the course of a reaction since their properties may not reflect those of the
starting materials or of the products. The time-independent Schrödinger equation represents the
potential energy surface (PES) of the quantum system, where TS structures exist as saddle
points. These mathematical minimax points are extremely difficult to locate due to costly ab
initio methodologies and convergence of Hessian-based searches is never guaranteed. Although
various TS search algorithms have been developed over the years to overcome these obstacles,
TS prediction remains a challenge in the field of computational chemistry. The use of machine
learning shows promising alternatives to costly quantum mechanical calculations, but little
research has been done into predicting TS geometries. The lack of data and difficulty to build
reliable and effective algorithms has limited this field of research. However, knowing the
variance of the dataset is also crucial to training, as models must be robust and transferrable.
From an isomerization dataset of small organic molecules, 10 computational chemistry models
were used to optimize the geometries of TS structures. The variance amongst these models is
studied to gain insight into whether it is possible to train ML using one or more of these models
on a larger scale for TS prediction.
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1 Introduction
Transition state (TS) structures are unstable, high energy, and short-lived structures along a
particular reaction pathway. TSs are arguably one of the most important classes of molecular
structures in chemistry as they are crucial to reaction kinetics and mechanisms, catalyst design,
and protein activity.1-4 A specific amount of energy, known as the activation energy, is required
to go from the reactant complex to TS, and proceed to the product complex. This is represented
by a reaction coordinate diagram:

Figure 1.1 The reaction coordinate diagram of an exothermic reaction5
Moreover, knowing the number of TS structures in a specific reaction provides insight of its
mechanism. For example, SN2 reactions are distinguished by the fact that they have one TS along
the reaction pathway, while SN1 reactions have two TSs. Additionally, TSs are vital in
determining the course of a reaction since their properties may not reflect those of the starting
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materials or of the products. Although the reactant and product complexes of a reaction may be
known, the exact transition TS geometry must be analyzed using human-guided methods, or by
expensive automated TS finding methods.6 Since these structures are incredibly hard to study,
chemists often turn to computational simulation. However, this still presents challenges due to
the fact that TS structures are mathematically represented by saddle points on a potential energy
surface (PES). As a result, exploring this surface provides valuable information on how various
conformers of the system relate energetically. However, many challenges arise with finding TS
structures on a PES.

1.1 The Schrödinger Equation
Quantum mechanics (QM) and the Schrödinger equation must be explained prior to defining the
PES. The Schrödinger equation is a powerful equation that allows a chemist to model the
behaviour of a chemical system. For nearly all applications in chemistry, the time-independent
equation is sufficient to describe any system7, which is given by:

# 𝜓 (𝒓, 𝑹) = 𝐸𝜓(𝒓, 𝑹) (1.1)
𝐻

# is the Hamiltonian operator, 𝜓 (𝒓, 𝑹) is the wavefunction defined by the position
where 𝐻
vector of electron r and nucleus R, and E is the total energy of the system. Electron, r can have a
spin of either +1/2 or -1/2 (spin-up or spin-down). Many operators exist to extract specific
information from quantum systems, but the Hamiltonian is of most relevance in terms of
explaining the PES and transition states:
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where i and j index the electrons of the system, k and l index nuclei, ℏ is Plank’s constant divided
by 2𝜋, 𝑚* is the mass of an electron, 𝑚) is the mass of nucleus k, ∇! is the Laplacian operator, e
is the charge of an electron, 𝑍) is the atomic number of nucleus k, and r is the distance between
two particles.7 Each eigenfunction of the Hamiltonian operator corresponds to a specific energy
state of the system. The five terms of the Hamiltonian refer to the kinetic energy of the electrons,
the kinetic energy of the nuclei, electron-nucleus attraction, electron-electron repulsion, and
nucleus-nucleus repulsion. However, the full equation is rarely ever used and can be simplified
drastically by introducing the Born-Oppenheimer approximation.8,9

1.1.1 The Born-Oppenheimer Approximation
The Born-Oppenheimer approximation describes the idea that the nuclei are essentially
stationary in comparison to the electrons of a molecule. Mathematically, this approximation
simplifies the Schrödinger equation by decreasing the number of terms due to the assumption
that there are drastic differences in the motion and mass of electrons compared to the nuclei.10
For example, the mass of a proton is about 2000 times more than that of an electron.11 As a result
of this difference in mass, there is a significant difference in their rate of motion in space. This
allows the consideration that the position of the nuclei be fixed while surrounded by moving
electrons. The kinetic energy of the nuclei can be assumed to be zero, while the electron-nucleus
attraction, and nucleus-nucleus repulsion terms are significant, but are not changing. The
remaining terms describe the kinetic energy of the electrons in the system and electron-electron
repulsion. The Schrödinger equation is not actually solved in principle, only ever approximated.
3

The only chemical system that has an exact solved solution is the hydrogen atom. Even this
solution involves lengthy mathematical functions and derivations.

1.1.2 Hartree-Fock Theory
Although Hartree-Fock (HF) theory is not explicitly used as a computational method in this
project, it must be explained briefly since a post-HF method is used and will be explained in the
methods section. HF theory is a method of approximation for the determination of the
wavefunction and thus the energy of a quantum system. Simply, the HF wavefunction is a
construct of Slater determinants.11 This allows two important features: it obeys the Pauli
Exclusion principle, and it ensures that the wavefunction will be antisymmetric. A wavefunction
that is antisymmetric with respect to electron interchange is one whose output changes sign when
the electron coordinates are interchanged. Since electrons have either a +1/2 or -1/2 spin, any
wavefunction used to describe multiple electrons must be antisymmetric with respect to
permutation of the electrons. Despite these powerful properties, HF theory does not account for
Coulomb correlation, which is a form of correlation energy. This correlation energy is the result
of electrons interacting and repulsing from each other.12 Because bonds are breaking and forming
in TS structures, this is a crucial reason to consider using computational methods that do
consider the correlation energy. Although this correlation energy accounts for only 1% of the
total energy, reaction energies are small in magnitude relative to molecular energies, and this 1%
is a significant fraction of the target quantity to be calculated. It is important to obtain energies as
accurate as possible since these are related to the geometries of structures, as demonstrated on a
potential energy surface.
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1.2 Quantum Mechanics of Transition States
A PES is a key concept in computational chemistry as it provides valuable information on
reaction pathways. It is known as a hypersurface that describes the relationship between the
geometry and energies of various points, such as stable conformers and transition states
connected by a minimum-energy path.13 Each atom’s location in the system has 3 degrees of
freedom, meaning the surface is represented by 3N, where N is the number of atoms. The first
derivative of the surface represents force vectors, while the second derivative represents
vibrational modes. With the PES for a given system calculated, one may perform second-order
search operations to locate TSs of interest.13

1.2.1 Transition State Optimization
On a PES, there are stationary points and pathways that connect them. With a geometry
optimization, the process is to essentially start with an input structure “guess” to find a stationary
point on the surface. A TS optimization is conceptually similar to an optimization of a reactant or
product, but it is not a local minimum on a PES. Instead, a TS is known as a minimax point, or a
saddle point, as mentioned. A saddle point is the point on a PES where the second derivative of
the energy with respect to one and only one geometric coordinate is negative. Specifically, a first
order saddle point is where only a single dimension is at its maximum and all other dimensions
are minimized. The maximized dimension corresponds to the reaction coordinate, for example
where bonds are being broken and formed, while the minimized dimensions correspond to the
reactant and product complexes of the reaction.14
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Figure 1.2 Three-dimensional saddle point15
As seen in the figure above, the red point represents a saddle point that sits at the intersection
between the concave up parabola in one dimension and the concave down parabola in the second
dimension.
Additionally, an optimized and valid TS structure has exactly one imaginary frequency
that corresponds to the reaction coordinate.11 While a local minimum has all positive normal
mode force constants, TS structures have one, and only one, negative normal mode force
constant. These normal mode force constants correspond to the eigenvalues of a Hessian matrix,
which are square matrices that involve the second derivatives for a given surface.14 The force
constant is the first derivative of the gradient or slope (the second derivative) along the reaction
coordinate the surface slopes downward, so the force constant for a true TS structure is
negative.13 To confirm that the structure is in fact a TS and not a local minimum, a vibrational
frequency calculation must be done in addition to the optimization calculation. This calculation
6

of vibrational frequencies also provides the zero-point energy (ZPE), which is the lowest
possible energy that a quantum mechanical system may possess.

1.3 Challenges with Locating a Transition State
As a result of how TS structures are represented mathematically on a PES, they are extremely
difficult to locate and study. First, electronic configurations must be considered in TSs because
bonds are being broken and formed; therefore, QM based ab initio methodologies must be used.
However, these methods can be costly and scale poorly. For example, MPn methods, a post-HF
theory that will be discussed later, where n is the degree of order, scale as Kn+3. Therefore, MP2
would scale as K5, where K is the number of basis functions.11
Moreover, the electronic correlation energy, also known as the many-body-problem16,
makes solving the Schrödinger equation much more complicated. In short, this introduces the
problem of how a system of particles all interact and entangle with each other, leading to circular
dependence. For example, if a system contains three electrons, they are constantly being repelled
by one another. In order to calculate how one electron is being repelled by the other two
electrons, one must first calculate how the electrons are positioned relative to each other.
However, since each electron’s position is heavily influenced by repulsion from the other two
electrons, it becomes impossible to calculate one position without first knowing the positions of
the other two, and vice versa.35 As a result, the Schrödinger equation is only ever estimated.
While methods of high accuracy do exist and are constantly being developed, they quickly
become computationally costly based on the number of basis functions and high number of
electrons in the system.
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Furthermore, Hessian evaluations are much costlier than energy or gradient evaluations
because coupled perturbed self-consistent field equations must be solved.18 Searches are
extremely sensitive to starting points, and optimizations require many expensive ab initio calls
before convergence, which is never guaranteed, making these searches costly, time consuming,
and unreliable. Therefore, accurate estimations of the true TS structure must be provided to
increase the probability of convergence. Fortunately, the starting geometries used for this project
are reliable starting points since they were obtained by high-level computational experiments.

1.4 Transition State Search Algorithms
To overcome these obstacles, many TS search algorithms have been developed. Some of the
earliest and most successful search algorithms that are worth noting are the synchronous transit
methods and the companion synchronous transit-guided quasi-Newton method (STQN).19 More
recent methods, such as the nudged elastic band (NEB)20,21 method and the growing string
method (GSM)23,24 have been gaining traction as superior search methods. These current
methods include automated potential energy exploration to generate a dataset of reactions and
the growing string method to automatically optimize reaction paths and TSs. For example,
Zimmerman’s GSM simultaneously searches for a reaction path and an exact TS. It is a two-step
process that implements an eigenvector following optimization algorithm in internal coordinates
with Hessian update techniques. An exact saddle point search will begin after partial
convergence of the string, only if the maximized eigenmode of the TS node Hessian has
significant overlap with the string tangent near the TS. The GSM has shown to be the most
reliable23, as it requires far fewer force calls than NEB and STQN. Force calls are the number of
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iterations or cycles of saddle point search that occur to reach convergence. Therefore, fewer
force calls mean the optimization is of lower computational cost.
Lastly, Peterson reported fewer ab initio force calls using NEB in combination with a
machine-learned PES, which resulted in rapid structure acquisition.25 However, the STQN
method is still widely used as the default TS search algorithm in modern QM-based software.
Despite the slight variations in these methods, they generally all follow the same steps where a
guess is first generated, followed by a local Hessian-based surface optimization.

1.4.1 Berny Optimization Algorithm
Each TS structure in this project is optimized by the Berny Optimization Algorithm. This
algorithm is a popular implementation of the STQN method that combines two existing
methodologies: the synchronous transit methods and Newton’s method.19 With Newton’s
method, the convergence is quadratic, meaning it requires fewer iterations than gradient descent
to achieve convergence. Furthermore, it is ideal for minimax point location because the gradient
descent follows the average direction of descent as dictated by the gradient.26 However,
calculating the Hessian for high dimensional surfaces becomes computationally intensive.
Therefore, the “quasi-Newton” methods were introduced which utilize an approximation of the
inverse Hessian.27,28
The Berny algorithm is an extension of Newton’s method for PES optimization, which
can be modified and tuned based on the specific goals of the calculations. For example, the
Hessian can either be calculated once at the beginning or at every iteration. If one chooses to use
an approximation of the Hessian, each iteration’s approximation bootstraps from the last, leading
to better approximations as the algorithm converges, but this can be more computationally
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costly. Additionally, internal coordinates can be “frozen” in place, since not all bonds or angles
in a TS structure are changing from reactant to product. Ideally, TS search algorithms must be
accurate and reliable.8

1.5 Machine Learning
Machine learning (ML) is increasing rapidly in popularity for many fields of computing,
including computer vision and natural language processing.29 In general, ML algorithms are able
to recognize patterns and can adjust themselves according to input data in order to be able to
complete a certain task efficiently. ML has grown within the past few decades in the field of
computational chemistry. However, little has been done in terms of utilizing ML for TS
optimization and prediction. The main reason for this is due to the lack of data. Large datasets
built for TS prediction using ML are hard to come by, with Jackson et al. publishing a small
dataset of SN2 reactions in 2021, which is the first of its kind built for ML that includes TS
structures.8

1.5.1 Machine Learning in Computational Chemistry
Another reason for the limited research in using ML for TS prediction is due to the inability to
transfer traditional algorithms to QM. Specifically, traditional ML algorithms cannot operate
effectively on graphs, which are the single data structure that can appropriately encode
molecules.8 Cartesian arrays result in poor performance even from very powerful ML algorithms
due to the fact that a single conformer of a single molecule can have an infinite number of valid
Cartesians. The location of where the molecule exists in the space in relation to the origin can be
meaningless. The existence of an origin means one can rotate or translate the coordinates of a
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molecule with respect to that origin and vary the numerical value of the Cartesian array while
preserving the identity of the molecule. While Cartesians may serve as input to QM software,
only interatomic distances are required for property prediction.14 As a result, the Cartesian
coordinates obtained from successful calculations were converted to distance matrices before the
variance analysis. A distance matrix is a 2D array that shows the distance between pairs of
objects. In this case, the distances are between pairs of atoms in a TS, measured in Angstroms
(Å). When constructing a distance matrix, there is an upper and lower triangle. In between these
triangles is a diagonal row of zeros since distances between the same atom in the same molecule
is zero. Therefore, the upper and lower triangle are identical and only the lower triangle will be
considered. An example for the amino acid, alanine, is shown below. Although the dataset used
in this project will have distance matrices that contain numerous decimal places, integers are
used in this example for simplicity.

Figure 1.3 Distance matrix and structure of alanine
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1.5.2 Variance in Machine Learning
In a broad sense, variance in ML is how much the estimate of the target function will alter if a
different training dataset was used. Variance is based on a single training set, and it measures the
inconsistency of different predictions using different training sets. It is not a measure of overall
accuracy, however, for the purposes of TS prediction, accuracy and reliability is crucial. Models
with low variance indicate that the sampled data is close to where the model predicted it would
be. On the other hand, high variance would result in significant changes to the projections of the
target function, which leads to overfitting. Essentially, a model that overfits a training set will
model the data too closely to which it was trained and fails to learn the underlying functions. ML
algorithms that have low variance include linear regression and logistics regression.31 Variance
of the models in the dataset in this project is measured as the “mean structure difference”
between optimized geometries of TS structures, which will be explored later.

1.5.3 Previous Works
ML has been used successfully in computational chemistry for energy and force prediction, but
very little research has been dedicated to TS prediction. The earliest TS-based research using ML
was by Pozun et al. in 2012.31 However, there was a lack of TS structures in the training dataset
and the work mainly focused on kinetics. In 2016, a paper by Peterson described the use of
traditional saddle point search on machine learned PESs. He reported drastic reductions in the
number of ab initio calls for successful calculations, however, the number of successfully
obtained TSs was not reported.25 Additionally, in 2020, Grambow et al. reported a chemical
dataset of over 8000 reactions, which included TSs, using the GSM.6 These works all still used
traditional search algorithms. In 2021, Jackson et al.13 published a new end-to-end Siamese
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message-passing neural network based on tensor field networks which was proven to
successfully predict TS geometries. A dataset of 53 TS structures of SN2 reactions was also
presented in this work, which is the first of its kind built specifically for ML. The idea is to
develop an ML algorithm capable of outputting TS predictions directly, with a high level of
accuracy, reliability, and generalizability.13,24

1.6 Project Goals
Overall, the goal is to determine the variance between TS geometries that are optimized using
different computational models. The ability to predict accurate and reliable TS structures
continues to be a challenge for computational chemists. With the increase of ML in this field, it
is becoming more foreseeable to achieve this. However, large datasets are required to effectively
train ML to better predict TS structures of reactions. As mentioned, very few datasets exist
specifically for this purpose, presumably due to how difficult it is to mathematically find a TS.
Additionally, the variance of TS structure geometries amongst different computational models
for large datasets is not known and must be researched. As mentioned, knowing the variance of
an algorithm is crucial for a reliable training set.
The dataset from Grambow et al.6 provides a great starting point for analyzing the
variance amongst a variety of levels of theories in computational chemistry due to its large size,
small number of atoms per molecule, and small number of heavy atoms per molecule.
Additionally, the TSs are from simple isomerization reactions where a single H atom is being
rearranged. Due to the nature of TS structures, the methods and basis sets were carefully chosen
to provide suitable results for this project, which are explained in detail in section 2.
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Different computational levels of theory calculate optimized structures in a different way
and in order to determine whether or not an algorithm can be developed to predict TS structures,
the variance of the dataset using different models must be known. As mentioned, algorithms
recognize known patterns to achieve a certain task. Since the variance of the geometries amongst
different models is not known, the mean structure difference of the optimized geometries of this
TS dataset must be explored to determine whether the models are transferrable to a larger scale
of various chemical systems. For any given dataset, the mean structure difference amongst the
different models can be studied to develop an algorithm that recognizes these patterns. By
knowing the variance of TS structures among different levels of theory, we can further explore
the idea of developing ML and using a series of models to predict TS structures, from a dataset
comprised of optimized structures from varying levels of theory.

2 Methods
To study the variance in transition state geometries amongst different levels of theory, a dataset
of 8423 TS structures from organic isomerization reactions was obtained. All structures contain
at most seven heavy atoms (C, N, and O) due to the unfavourable scaling of quantum chemical
calculations and range from 8 to 20 atoms in total in each molecule. This dataset was established
to contribute to the progress in automated methods for organic synthesis and reaction
mechanisms, specifically, to enable the development of ML models for quantitative reaction
prediction.6 Five methods with two basis sets each were chosen to perform TS optimization and
vibrational frequency calculations, for a total of 10 computational models.
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2.1. Møller-Plesset Theory
HF theory was briefly explained in section 1.1.2 but is not a method used in calculations in this
project since it does not take into account the correlation energy. Instead, a post-HF method that
is better suited for the nature of this study was chosen. Møller-Plesset (MP) perturbation theory
is a post-HF theory that uses the HF wavefunction.33 It is designed to capture the correlation
energy as a correction to the approximate HF wavefunction. Ideally, MP theory can recover the
majority of the molecular correlation energy. This is expressed as:

# *0123 = 𝐻
# 45 + 𝜆𝑉, (2.1)
𝐻

where 𝜆 is the perturbation parameter and 𝑉, is the perturbation.
However, if the HF wavefunction is already poor, MP theory cannot repair this. For example,
difficulties arise with stretched bonds and a small HOMO-LUMO gap. Additionally, it is not
variational, as mentioned, but it is size consistent. Due to the unreliability of HF approximations
when it comes to TSs, a post-HF method that is still relatively low in computational cost was
chosen as a wavefunction method to perform calculations. Although MP2 may not be the best
method for TSs, it is important in this study to include a variety of models from multiple
theories.

2.2 Density Functional Theory
While post-HF methods use the HF wavefunction and add corrections to it, density functional
theory does not use a wavefunction at all.9 Density functional theory (DFT) is an electronic
structure calculation that focuses on the electron density of a system. Functionals take a function
15

as input and yield a number as output. Specifically, a density functional takes the electron
density, 𝜌(𝒓) and returns a number, which is the energy. The electron density is much simpler
than the wavefunction, as it is a 3-variable function, 𝒓 = (𝑟0 , 𝑟6 , 𝑟7 ).
Hohenberg and Kohn demonstrated that the exact ground state energy and further
properties can be determined from simply the electron density.35 The first Hohenberg-Kohn
theorem demonstrates one-to-one correspondence, as well as that there exists a universal and
unique energy functional of the density. The second Hohenberg-Kohn theorem establishes a
variational principle for ground state DFT.35 Overall DFT methods are low in computational
cost, have good accuracy, and the theory itself is conceptually simpler than the wavefunctions.
However, scientists in many fields have not been able to determine how the exact energy can be
determined from such a simple concept. As a result, numerous DFT methods have been
developed over the years to attempt to accurately describe chemical systems.
For this project, four DFT methods were chosen based on their levels of accuracy, from
lowest to highest. Exchange-correlation functionals were the first to be introduced by Kohn and
Sham in 1965. PBE is a gradient-corrected exchange-correlation functional developed by
Perdew, Burke, and Ernzerhof in 1996.36 Arguably, the most popular DFT method used is
B3LYP, which is a generalized gradient approximation (GGA) hybrid functional.37 The B
exchange functional was developed by Becke38, while the LYP functional by Lee, Yang and
Parr.39 The 3 corresponds to the 3 empirical parameters included in the expression. Next, M062X
is a hybrid meta GGA.40 Lastly, wB97X-D is a long-range corrected functional, with empirical
dispersion.41
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2.3 Orbitals and Basis sets
Slater-type orbitals (STOs) are based on the solution of the Schrödinger equation for the
hydrogen atom and provides a good starting point for creating basis functions.42 They were
proposed by John C. Slater in 1930 and have the general form:

∅"#$ (𝑥, 𝑦, 𝑧) = 𝑁𝑥 1 𝑦 8 𝑧 2 𝑒 9:𝒓 (2.2)

where N is the normalization constant, x, y, and z are the cartesian coordinates with the nucleus at
the origin, the positive integer sums a + b + c is equal to the total angular momentum of the
orbital, 𝛼 is the variational parameter used to scale the decay and 𝒓 = A𝑥 ! + 𝑦 ! + 𝑧 ! . However,
STOs were shown to be difficult to integrate and the new, more computational efficient
Gaussian-type orbitals (GTOs) were proposed in 1950 by S.F. Boys:

!

∅%#$ (𝑥, 𝑦, 𝑧) = 𝑁𝑥 1 𝑦 8 𝑧 2 𝑒 9:𝒓 (2.3)

These functions have a slight difference with an r2 in the exponent and were shown to be much
easier and computationally faster than STOs.11 Additionally, more GTOs allow more flexibility
in how the atomic orbital (AO) can be formed and consequently how the molecular orbital (MO)
can be formed. Combining GTOs by addition is known as contracted Gaussian functions (GFs),
which provides the benefit of being able to use many efficiently, while keeping the
computational cost low.11 In addition to contracted sets, multiple core and valence orbitals can
exist within the contracted GF. For example, a 6-31G basis set means 6 GFs to represent the core
orbitals, with a contracted set of 3 GFs, and one uncontracted set containing one GF each.
17

Furthermore, improvements to orbitals can be made by adding GFs of higher angular
momentum. These are known as polarization functions, which essentially allow more flexibility,
and thus accuracy. They provide better mathematical representation of a particular chemical
bond or orbital. Polarization functions added to heavy atoms are denoted by “(d)” or an asterisk,
*. A second type of augmentation can be added to improve approximations to perform higher
quality calculations. Diffuse functions allow orbitals to be spread and span large regions of
space. In John Pople’s basis sets, these functions are denoted by using the “+” symbol, meaning
they have been added to heavy atoms. Because the organic TS molecules used in this project
range from 8 to 20 atoms with at most 7 heavy atoms, only one polarization and one diffuse
function was added to a 6-31G basis set to get 6-31+G(d)43 and is considered the smaller basis
set used in this project. For a larger basis set, a different variation was used. Dunning’s basis
sets follow the general notation of cc-pVnZ, where n denotes the degree to which you split the
valence.44 In this case, a cc-pVTZ basis set was used, meaning it is a triple zeta set. The “cc-p”
denotes correlation consistent polarization, meaning they are designed to converge
systematically to the complete basis set limit using empirical extrapolation techniques.11 Larger
basis sets approximate the orbitals more accurately by imposing fewer restrictions on the
locations of the electrons in space.

2.4 Gaussian and Job Submission
Gaussian1645 is the latest version of computational chemistry packages to study electronic
structure. Compute Canada is an advanced research computing platform that provides various
storage, file transfer, and general-usage clusters for job submissions.46 The Cedar cluster was
used as it supports the Gaussian software.
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The first step was to build an algorithm using Python 3.8 that could theoretically handle
an infinite number of TS structures and would create individual Gaussian input files for each
molecule from one xyz file. These input files included specific keywords along with Cartesian
coordinates of the TS structure to be read by the Gaussian software. The method, basis set, and
instructions for TS optimization and vibrational frequency calculations were all written in the
input files to be submitted to the Cedar cluster on Compute Canada.
For the TS optimization, the keyword “TS” in the Gaussian input files indicate that the
structure be optimized to a saddle point, rather than a local minimum. With “EstmFC”, the force
constants are estimated using the old diagonal guesses from the Hessian computed at the
beginning. The “NoEigenTest” supresses testing the curvature in Berny optimizations, meaning
the job will not abort if it finds more than one negative eigenvalue. Lastly, the keyword “freq”
requests vibrational frequency calculations. The “#N” requests a normal output file to be given.
Other details such as a title, the charge and multiplicity, the number of processors, and the
memory are also included in the input files.

Figure 2.1 Gaussian input file example
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For TS optimization and vibrational frequency calculations, Gaussian first begins by
performing a search for a saddle point using the input TS geometry obtained from Grambow et
al.6 as a “guess” for the starting point on a PES by using the Berny Optimization Algorithm.
Calculation times varied depending on the chosen method and basis set. Most structures were
successful due to the quality of the starting structures; however, convergence errors did arise.

2.5 Post-Processing Analysis
Output files were pulled from Cedar using Globus, a file transfer software, and various checks
using a Python library were performed. This library, called cclib46, provides a parser for output
files of computational chemistry packages. Using cclib, the completion of the optimization and
vibrational frequency calculations were verified. Furthermore, a check was performed using
cclib and additional code to confirm that the optimized structure was in fact a TS by ensuring
that there is one, and only one, negative vibrational frequency. The method, basis set, and
optimized cartesian coordinates were also pulled from the output files. If the structure passed
these tests, the cartesian coordinates were converted to a distance matrix for the comparison
analysis. The code and algorithms to convert cartesian coordinates to distance matrices and to
calculate the mean structure difference (MSD) between two molecules was obtained from
Jackson et al.14 The MSD calculates the average of distances, in Å, between the same atoms of
the same structure that were optimized using different models, which is explained further in
section 3.1.
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3 Results and Discussion
Isomerization reactions are simple chemical process where a reactant is transformed into an
isomeric form, meaning it has the same chemical composition, but a different structure or
configuration. For example, the reaction of cis-2-butene to trans-2-butene is characterized as an
isomerization reaction. Three examples of reactions included in this dataset are shown below.

Figure 3.1 Three examples of isomerization reactions from the dataset. From left to right:
reactant, TS, and product of that given reaction.
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Although a dataset of 8423 molecules was originally chosen for this project, not all structures
were optimized, either due to time constraints or convergence errors. Convergence errors, or fail
rates, were calculated by dividing the number of structures that did not convergence by the total
number of structures submitted for calculations for that given model. Calculation times were
heavily dependent on the model and the size of the TS structure. These ranged from 50 seconds
for B3LYP/6-31+G* to 8 hours for MP2/cc-pVTZ. At most, 4000 molecules were submitted,
which was for MP2/6-31+G* and M062X/6-31+G*. These models had very low convergence
error rates of 7.9% and 4.9%, respectively. For models that were more computationally costly,
far fewer structures were submitted for optimization. For example, MP2/cc-pVTZ had the fewest
number of structures, which was 400 and M062X/cc-pVTZ had 549, with fail rates of 17.5% and
7.5%, respectively. The total number of optimized structures for each individual model can be
seen in Figure 3.2.
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Figure 3.2 The total number of successfully optimized TS structures for each model
Other fail rates include 12.5% for wB97XD/6-31+G*, 12.9% for PBE/cc-pVTZ, and 8.2% for
B3LYP/6-31+G*. Although there is no exact definition for a low or high success rate of
optimized structures, the majority of TSs converged, which is mainly due to the high quality of
the starting dataset.
While the exact reason why some calculations do fail to converge is unknown, it could be
due to the simplicity of the reactions and the small number of atoms per molecule. Because only
one bond is being broken and formed in the reactions from reactant to product, the PES may be
too flat such that the Hessian does not provide enough of a definitive direction for critical point
location.14 As a result, the optimizer would take almost random steps across the surface where
each point is not drastically energetically different from the previous. It should also be noted that
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larger structures, specifically ones with a higher number of heavy atoms would have a lower
chance of convergence. These TSs have more electrons which increases the computational cost
and the difficulty to reach a saddle point. For example, in all models, structure #16 in the dataset
failed to converge which has a total of 16 atoms, 6 of which are heavy atoms.
Despite having a wide range in the number of structures that were optimized across the
models, effective comparisons were still able to be made since the comparisons were done by
manually matching the structures for one pair of models at a time.
Table 3.1 Number of structures that were used in the comparisons

MP2/
631+G*
MP2/
ccpVTZ
B3LYP/
631+G*
B3LYP/
ccpVTZ
PBE/
631+G*
PBE/
ccpVTZ
M062X/
631+G*
M062X/
ccpVTZ
wB97X
D/631+G*
wB97X
D/ccpVTZ

MP2/
631+G*

MP2/
ccpVTZ

B3LYP/
631+G*

B3LYP/ PBE/ PBE/ M062X/ M062X/ wB97XD wB97XD/
cc6cc6cc/
ccpVTZ 31+G* pVTZ 31+G*
pVTZ
6-31+G*
pVTZ

N/A

-

-

-

-

-

-

-

-

-

330

N/A

-

-

-

-

-

-

-

-

895

329

N/A

-

-

-

-

-

-

-

2314

329

2314

N/A

-

-

-

-

-

-

2238

328

2238

2310

N/A

-

-

-

-

-

1311

329

1310

1310

1300

N/A

-

-

-

-

3683

329

2071

2314

2240

1312

N/A

-

-

-

490

329

477

495

477

490

495

N/A

-

-

2275

328

2297

2275

2235

1311

2275

493

N/A

-

848

328

850

846

838

850

849

493

706

N/A
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As shown in the table, the highest number of structures used in a comparison was 3683 for
M062X/6-31+G* vs. MP2/6-31+G*, while the lowest was 328 for multiple MP2/cc-pVTZ
comparisons. The higher numbers can be seen in models that use a 6-31+G* basis set since these
calculations completed quicker than those of the models using the larger basis set. When
ensuring that two models had the exact same structures to do the comparison, there was a wide
variety of structures successfully converged for some models, while unsuccessful for others. This
reduced the number of structures that were able to be used in comparisons. However, there was
some overlap where multiple structures failed to converge for all models. Some of those
structures are #16, as mentioned, #118, #151, #153, and more. Although a different number of
structures were used in each comparison of two models, the values obtained are still able to be
compared amongst the multiple models since the structures in the dataset are fairly similar in
terms of type of atoms and size. For example, the lowest MSD had 493 structures used in the
comparison, while the highest MSD had 329 structures. Additionally, the highest number of
structures used in a comparison is 3683 for MP2/6-31+G* and M062X/6-31+G* which had a
relatively low variance of 0.010 Å, which is seen in Table 3.5 and is explained in section 3.1.
Overall, this demonstrates that using a different number of structures in the comparisons does not
compromise the results of this study since the structures are not drastically different because all
TSs are small, organic molecules with at most 7 heavy atoms.

3.1 Mean Structure Difference
When training ML algorithms to successfully predict TS structures, the variance must be kept
low to predict true structures. As mentioned, a low variance, or mean structure difference (MSD)
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indicates that the resulting structure is close to where the model predicted. In a perfect world, the
variances would be zero, however, this would be extremely difficult to achieve. Obtaining values
as close to zero as possible is ideal.
Once the Cartesian coordinates of optimized structures of different two models were
converted to distance matrices, the MSD calculations were performed. This algorithm takes two
distance matrices and calculates the average difference of two atoms between the two structures.
For example, the distance matrix for a given method with a small basis set (M1B1) in comparison
to that method with a large basis (M1B2) set may look something like this, where A, B, and C
represent atoms, and distance values are in Å.

Table 3.2 Example distance matrices for one molecule optimized using a given method
and a different basis set
𝑀< 𝐵<
𝐴
𝐵
𝐶

𝐴
𝐵
𝐶
0 0.5 1.1
0.5 0 2.3
1.1 2.3 0

𝑀< 𝐵!
𝐴
𝐵
𝐶

𝐴
𝐵
𝐶
0 0.3 1.2
0.3 0 2.3
1.2 2.3 0

Ignoring the top triangle, the difference of the lower triangles of two distance matrices for the
respective distance between two atoms can be put into one matrix. For example, distance A-B is
0.5 Å for M1B1, and 0.3 Å. for M1B2, giving a difference of 0.2 Å.

Table 3.3 The absolute differences for distances between atoms for M1B1 vs. M1B2
Δ
𝐴
𝐵
𝐶

𝐴
𝐵
0 𝑁/𝐴
0.2
0
0.1
0

𝐶
𝑁/𝐴
𝑁/𝐴
0
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Finally, the sum of these values is taken and divided by the total number of atoms:

N=

0.3
= 0.1 Å (3.1)
3

This value of 0.1 Å represents how the MSD was calculated for all comparisons in this study. A
total of 45 values were obtained from comparisons and can be seen below.
Table 3.4 Mean structure difference (MSD) of the various models in Å
MP2/631+G*

MP2/ B3LYP/ B3LYP/
PBE/ M062X/ M062X/ wB97X- wB97XPBE/6cc6cccc6ccD/6D/cc31+G*
pVTZ 31+G*
pVTZ
pVTZ 31+G*
pVTZ
31+G*
pVTZ

MP2/631+G*

N/A

-

-

-

-

-

-

-

-

-

MP2/
cc-pVTZ

0.017

N/A

-

-

-

-

-

-

-

-

B3LYP/631+G*

0.044

0.030

N/A

-

-

-

-

-

-

-

B3LYP/
cc-pVTZ

0.031

0.020

0.023

N/A

-

-

-

-

-

-

PBE/631+G*

0.046

0.041

0.009

0.028

N/A

-

-

-

-

-

PBE/
cc-pVTZ

0.025

0.030

0.011

0.014

0.008

N/A

-

-

-

-

M062X/631+G*

0.01

0.011

0.029

0.070

0.092

0.031

N/A

-

-

-

M062X/
cc-pVTZ

0.305

0.583

0.161

0.157

0.169

0.164

0.148

N/A

-

-

wB97XD/
6-31+G*

0.021

0.015

0.061

0.043

0.065

0.022

0.028

0.150

N/A

-

wB97XD/
cc-pVTZ

0.026

0.010

0.028

0.013

0.036

0.020

0.009

0.006

0.015

N/A
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While there is no exact definition on what is considered a large or small MSD between two
models, the results can be compared relative to each other, which is emphasized by conditional
formatting, as seen in Table 3.5. All values were trimmed to 3 decimal places to account for the
level of precision that these calculations would provide. The largest MSD, in red, was found to
be between M062X/cc-pVTZ and MP2/cc-pVTZ, which had a value of 0.583 Å. For example, if
a bond length or distance between two atoms was 1 Å, the MSD of 0.583 Å would indicate
almost a 60% change in this distance when comparing the optimized structures using the
different models. This value is clearly an outlier and may be due to an unknown error. All the
values obtained for M062X/cc-pVTZ are significantly larger than the other methods, especially
with both MP2 models. However, the comparison with wB97XD/cc-pVTZ and M062X/cc-pVTZ
had the smallest calculated MSD value. This relatively low value of 0.006 Å indicates that there
was a small difference of 0.6% in average bond length between the TSs optimized using these
two models. This makes sense since both DFT methods are considered of high accuracy with a
larger basis set.

3.1.1 Method Comparison
The two highest MSD values are comparisons between M062X/cc-pVTZ and both MP2
models. It is likely that M062X/cc-pVTZ caused some error since this model has consistently
high values (all above 0.1 Å). Therefore, these models would not be ideal to train ML using a
varied dataset. Moreover, PBE resulted in low MSD values with B3LYP, which demonstrates
that these two models could potentially be used together for ML training using a varied dataset.
Although PBE and B3LYP models had variances that were in the middle when compared with
other methods, the comparisons between these two methods resulted in a few of the lowest MSD
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values. For example, B3LYP/6-31+G* and PBE/6-31+G* had a variance of 0.009 Å, which is
tied for the third lowest MSD value.
Most importantly, wB97XD/cc-pVTZ demonstrates consistently low variances with all
models (all under 0.04 Å). This shows that this model could be studied further for use in TS
prediction for ML in conjunction with another model, or by itself. Lastly, wB97XD/cc-pVTZ
had lower variances with models that have a larger basis set rather than small basis set.

3.1.2 Basis Set Comparison
When comparing the variances of methods with their large and small basis set, results vary.
Some methods using the large basis set have low variances with their respective small basis set
model, while others are much higher. For example, B3LYP/6-31+G* and B3LYP/cc-pVTZ had
an MSD of 0.023 Å, while wB97XD/cc-pVTZ and wB97XD/6-31+G* was 0.015 Å. The lowest
MSD between the same method comparing the large and small basis set was PBE, with a value
of 0.008 Å, while the highest value was 0.148 Å for M062X. The wB97XD model using a larger
basis set had lower variances overall compared to wB97XD/6-31+G*. Furthermore, wB97XD
with a smaller basis set had higher MSD values when compared to methods with a small basis
set rather than those methods with a large basis set. The MSD for wB97XD/6-31+G* and
MP2/cc-pVTZ was 0.015 Å, while for MP2/6-31+G* it was 0.021. Another example is
M062X/6-31+G* having a lower variance with PBE/cc-pVTZ (0.031 Å) rather than with PBE/631+G* (0.092 Å).
The data can further be represented by calculating mean and standard deviation which
gives insight to the precision of the models. The mean was calculated by adding up all the MSD
values for a given model and dividing by 10.
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Table 3.5 Mean and standard deviation of MSD values of the 10 computational models

Mean
(Å)

MP2

B3LYP

PBE

M062X

wB97XD

6-31+G*

0.058

0.044

0.055

0.048

0.047

cc-pVTZ

0.084

0.045

0.036

0.205

0.018

6-31+G*

0.093

0.047

0.050

0.047

0.043

cc-pVTZ

0.188

0.046

0.047

0.160

0.010

Standard
Deviation
(Å)

M062X/cc-pVTZ had a much higher mean than any of the other models, while wB97X-D/ccpVTZ had the lowest mean and standard deviation. The model with the highest standard
deviation was MP2/cc-pVTZ. Half of the models had the case of having a standard deviation
lower than the mean, which represents a model with a lower variance. These models are PBE/631+G*, M062X/6-31+G*, M062X/cc-pVTZ, wB97X-D/6-31+G*, and wB97X-D/cc-pVTZ.
However, for both the small and large basis set, wB97X-D had means significantly larger than
the standard deviation, meaning the data is not spread out far from the mean. This method is of
high accuracy and this data demonstrates that it is a great choice for ML as it is robust and
transferrable. Because of the large variance of M062X models, there may be an error that arose
while performing calculations; however, it is not known for sure. Therefore, it could be the
subject of future work.
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Overall, wB97XD/cc-pVTZ shows promising results for a model to use in ML for TS
prediction. It had consistently low MSD values with all the models used in this study. It is a DFT
method of high accuracy and low computational cost. The smaller structures in the dataset had
calculations times of about 3 minutes, while the largest took about 30 minutes. These are still
relatively low calculation times, and this model is a reliable choice to use for scaling up to larger
molecules and datasets. While there still is some variance, this model shows a consistently low
MSD with the other models used in this study. Because wB97XD had a low variance with other
models, ML can be trained using a varied dataset.
As a result, these models could be explored to be used in larger scale application of TS
predictions due to these preliminary results. Although these TS structures are from simple
isomerization reactions, these results provide valuable information for being able to use these
same methods on datasets with larger, more complex structures. For example, enzymes and
proteins that are part of complicated biochemical reactions. Due to the large size and complex
reactions that these structures are involved in, finding TSs is extremely more computationally
costly. TSs are often determined by using a combination of QM and molecular mechanics (MM).
Knowing the TS structures involved in biochemical reactions is a valuable asset for
enzyme function and can be used as a cost-effective alternative to doing experiments in a lab.
Furthermore, proteins and enzymes are extremely complex structures that are computationally
costly. If ML can be developed to better predict TS structures that are involved in biological
reactions, further applications like drug delivery and targeted cancer treatments can be
investigated.
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4 Conclusion
Accurate and reliable TS search continues to be a challenge despite the development of various
algorithms over the past decade. The complexity and transient nature of TS structures, the high
computational cost of quantum mechanical models, and the electron correlation energy limit the
development of efficient prediction of structures. Machine learning shows great promise in
developing algorithms that are of low computational cost and highly accurate, reliable, and
general for a wide range of TS prediction.
A large dataset of TS structures from isomerization reactions was optimized using 10
computational chemistry models. The mean structure differences of the structures were
calculated to determine their variance amongst these models. It was found that M062X/cc-pVTZ
had the highest MSD values, while wB97XD/cc-pVTZ had the lowest, and thus could be a great
model for use in ML. From these results, this model demonstrates robustness, and transferability
to a larger scale of chemical reactions. The variance of datasets must be known for use in ML
among TS structures using different models to develop an algorithm that will output correct
structures. Ideally, this variance would be as close to zero as possible in order for an algorithm to
predict the most accurate TSs, however, this would be extremely difficult to achieve.
The results obtained demonstrate that the TS structures do have a significant variance
among different computational models, and further research can be done to find models with the
lowest variance possible. Out of these models, wB97XD/cc-pVTZ can be used to train ML with
a varied dataset because the structures optimized with this model were close in comparison to
other models. On the other hand, a combination of models can be used, such as PBE and B3LYP,
which showed lower MSD values when compared to each other. Since M062X/cc-pVTZ had
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such high MSD values, further research could be conducted to attempt to explain these values,
especially since it had the lowest variance of this study with wB97XD/cc-pVTZ.
This knowledge can then be applied to a larger scale, such as a larger dataset, larger
structures, and more complex reactions that involve enzymes and proteins. Many biological
structures such as catalysts use QM/MM techniques to reduce the computational cost for
optimization. However, with ML, it would be possible to achieve QM level accuracies at a much
lower computational cost. With the advancements of better automated saddle point search
methods, better, and more, training datasets can be obtained. Combining these methods with ML
allows a new realm of inexpensive methods to predict TS structures with a high level of
accuracy, reliability, and efficiency.
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